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Abstract
Characterizing the uncolourable BSTS(v)s is among the problems posed in the book “Triple Systems” (Triple Systems,
Clarendon Press, Oxford, 1999.) by Colbourn and Rosa. We investigate the properties of strict colourings of BSTS(3v)s
obtained by triplication. In particular, in the case v=9 we answer a question raised in (Strict colourings of STS(3v)s and
uncolourable BSTS(3v)s, Submitted.) regarding a class of uncolourable BSTS(27)s.
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1. Introduction
A mixed hypergraph [8,9] is de3ned by the triple H = (X;C;D), where X is a 3nite set whose elements are called
vertices, while C and D are two families of subsets of X , called C-edges and D-edges, respectively. If C= ∅, then H is
called a D-hypergraph. If D = ∅, then H is called a C-hypergraph. A proper k-colouring is a colouring of the vertices
of H using at most k colours, such that in each C-edge there are at least two vertices coloured with the same colour,
while in each D-edge there are at least two vertices coloured with diDerent colours. If all k colours are used, then proper
k-colouring is called strict k-colouring. We call strict k-colouring just strict colouring when it is not necessary to express
explicitly the number of colours used.
A mixed hypergraph is called colourable if proper colouring exists, otherwise it is called uncolourable.
The minimum (maximum) number of colours for which there is a strict colouring is called the lower chromatic number
(upper chromatic number) and is denoted by (H) ( F(H)).
A D-hypergraph coincides with the classic hypergraph as de3ned in [1] and the lower chromatic number of D-hypergraph
coincides with the chromatic number introduced by ErdGos and Hajnal [3].
A Steiner triple system of order v (brieIy STS(v)) is a pair (X;T), where X is a v-set and T is a collection of
3-subsets of X (triples) such that every pair of X is contained in exactly one triple of T. It is well known that the
necessary and suJcient condition for an STS(v) to exist is that v ≡ 1 or 3 (mod 6). A subsystem of order w in an
STS(v) (X;T) is a set W ⊆ X , with |W | = w, which contains exactly w(w − 1)=6 triples of T. A subset V ⊆ X is
independent if no triple of T is contained in V . It is well known that W ⊆ X is a subsystem of order (v− 1)=2 if and
only if X \W is an independent set of cardinality (v + 1)=2.
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In the context of strict colourings of mixed hypergraphs de3ned by Voloshin [8,9], it is possible to consider an STS
as particular mixed hypergraph in which the triples are C-edges (CSTS) or in which all triples are both C-edges and
D-edges (BSTS).
In [6,7] Milazzo and Tuza gave several properties of strict colourings of BSTSs and CSTSs. They determined necessary
conditions for strict colourings of BSTSs; in particular, they studied BSTSs obtained by a sequence of “doubling plus
one” constructions.
In this paper we study BSTS(3v)s obtained by triplication (de3ned below): we determine some necessary conditions
for their colourability and prove that any BSTS(27) obtained by this construction is uncolourable.
2. Preliminaries
Let P be a strict h-colouring of a CSTS(v) or BSTS(v), we denote the set of vertices coloured with the colour (i)
with N (i) and the cardinality of this ith colour class with |N (i)|= ni. Hence forward we will characterise strict colourings
by means of vectors, with sequence of cardinalities of the colour classes. Let SI =
⋃
i∈I N
(i), |SI |= sI , be the union of
|I | colour classes, where I ⊆ {1; 2; : : : ; h} de3nes any subset of colours used in P.
Note that there is no strict 2-colouring of a BSTS(v), v¿ 3 [4].
Proposition 2.1 (Milazzo and Tuza [7]). If P is a strict h-colouring for CSTS(v) or BSTS(v), then ni6 (v + 1)=2 for
every i = 1; 2; : : : ; h.
Proposition 2.2 (Milazzo and Tuza [7]). If P is a strict h-colouring for CSTS(v) or BSTS(v) and 26 |I |6 h, then
sI (sI − 1)6 3
∑
i∈I
ni(ni − 1): (1)
Proposition 2.3 (Milazzo and Tuza [7]). If P is a strict h-colouring for BSTS(v), then N (i) is an independent set for
every i = 1; 2; : : : ; h and
v(v− 1) = 3
h∑
i=1
ni(ni − 1); (2)
or equivalently,
v(v + 2)
3
=
h∑
i=1
n2i : (3)
In the following we restrict our attention to the case of STS(3v), (X;T), containing three mutually disjoint subsystems
of order v (X1;T1), (X2;T2), and (X3;T3). In order to simplify notation, we assume L = {1; 2; 3}, H = (X;T) and
Hl = (Xl;Tl) for every l∈ L.
Let P be a strict h-colouring of CSTS(3v) or BSTS(3v). For l∈ L, P induces a strict sl-colouring P(Hl) ofHl (sl6 h),
with colour classes
N (ik )l = N
(ik ) ∩ Xl;
for ik ∈{1; 2; : : : ; h} such that n(ik )l = |N (ik )l | = 0 (see Fig. 1).
Proposition 2.4. If P is a strict h-colouring of CSTS(3v) or BSTS(3v) (v¿ 3), then ni6 (3v−1)=2 for every i=1; 2; : : : ; h.
Proof. Let i∈{1; 2; : : : ; h}. If n(i)l = 0 for some l∈ L, by Proposition 2.1 ni6 v+ 16 (3v− 1)=2 and so ni6 (3v− 1)=2.
Let n(i)l = 0 for every l∈ L. Fix an element a∈N (i)3 , then for every x∈N (i)1 there exists y∈N ( j)2 (j = i) such that
{a; x; y}∈T and so n(i)1 6
∑
j =i n
( j)
2 = v− n(i)2 which gives
n(i)1 + n
(i)
2 6 v:
Analogously,
n(i)1 + n
(i)
3 6 v;
n(i)2 + n
(i)
3 6 v:
It follows that 2ni6 3v; since 3v is odd, 2ni6 3v− 1.
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Fig. 1.
3. Triplication
The following construction which is a generalization of the direct product of an STS(v) with the (trivial) STS(3),
allows us to obtain a particular class of STS(3v)s containing three mutually disjoint subsystems of order v.
Triplication. Let (S;B1), (S;B2), (S;B3) and (S;B) be STS(v)s. Let X = S × {1; 2; 3} and de8ne a collection of triples
T of X as follows:
(i) {(x; i); (y; i); (z; i)}∈T for every {x; y; z}∈Bi : i = 1; 2; 3;
(ii) {(x; 1); (y; 2); (z; 3)}∈T for every {x; y; z}∈B;
(iii) {(x; 1); (x; 2); (x; 3)}∈T for every x∈ S.
It is a routine matter to see that (X;T) is an STS(3v).
It is easy to see that (X;T) contains three mutually disjoint subsystems of order v which are isomorphic to (S;B1),
(S;B2) and (S;B3), respectively.
From now on we restrict our attention to BSTSs. Since it is known that the unique BSTS(9) (which contains three
mutually disjoint subsystems of order 3) has the only strict colouring (1; 4; 4) [7], in what follows we suppose v¿ 7.
We investigate the strict colourability of (X;T) and in order to simplify notation, we assume Xl = S × {l}, l∈ L, and
x′ = (x; 1); x′′ = (x; 2); x′′′ = (x; 3) for every x∈ S.
Let P be a strict h-colouring of BSTS(3v) with increasing sequence of cardinalities of the colour classes (n1; n2; : : : ; nh).
Note that for every x∈ S the triple {x′; x′′; x′′′} contains exactly one pair of vertices with the same colour. For every
i=1; 2; : : : ; h, denote by Ci, |Ci|= ci, the set of the above monochromatic pairs which are contained in the ith colour class
and let C =
⋃h
i=1 Ci and
Ai = {x∈ S: |{x′; x′′; x′′′} ∩ N (i)|= 2};
Bi = {x∈ S: |{x′; x′′; x′′′} ∩ N (i)|= 1};
Si = {x∈ S: {x′; x′′; x′′′} ∩ N (i) = ∅}:
It is easy to see that
(∗) |Ai|= ci; |Bi|= ni − 2ci; |Si|= ni − ci; and ni − v6 ci6 ni=2:
Let a; b; c be three distinct elements of L, e and f be two diDerent elements of C such that e ⊆ {x′; x′′; x′′′}, f ⊆
{y′; y′′; y′′′}, from now on denote by z the element of S such that {x; y; z}∈B. The following two propositions are
simple but very useful.
Proposition 3.1. Let e; f∈Ci . If e ⊆ Xa ∪ Xb and f ⊆ Xb ∪ Xc, then z ∈ Si (see Fig. 2).
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Fig. 2. Fig. 3.
Fig. 4.
Proposition 3.2. Let e∈Ci and f∈Cj , i = j. If e ⊆ Xa ∪ Xb and f ⊆ Xb ∪ Xc, then {z′; z′′; z′′′} ⊆ N (i) ∪ N (j) (see
Fig. 3).
In order to simplify the proof of the next propositions, let W ′={x′: x∈W}, W ′′={x′′: x∈W}, and W ′′′={x′′′: x∈W}
for every W ⊆ S.
Proposition 3.3. Let e; f1; f2; : : : ; fr ∈Ci. If e ⊆ X1 ∪ X2 and fs ∩ X3 = ∅ for every s= 1; 2; : : : ; r, then r6 v− (ni − ci).
Proof. For every s=1; 2; : : : ; r, let fs ∩ X3 = {y′′′s } and zs ∈ S such that {x; ys; zs}∈B. By Proposition 3.1 zs ∈ S − Si for
every s = 1; 2; : : : ; r and so r6 |S − Si|= v− (ni − ci).
Proposition 3.4. If there exists i∈{1; 2; : : : ; h} such that Si = S, then e ⊆ X1 ∪ X2 for every e∈C.
Proof. By Proposition 3.1 it follows immediately that g ⊆ X1 ∪ X2 for every g∈Ci. Let suppose that there exists e∈Cj ,
with i = j, such that e ⊆ X1 ∪ X3, and f∈C\(Ci ∪ Cj), then f ⊆ X1 ∪ X3, otherwise, by Proposition 3.2 z ∈ Si. Now
with a little reIection it is simple to see that every element of Cj is contained in X1 ∪X3 (see Fig. 4). Obviously n(i)2 = v,
in fact if w′′ ∈ N (i)2 then {w′; w′′′}∈C\Ci and this is impossible because Si = S, otherwise, if n(i)2 = v we obtain a
contradiction.
Proposition 3.5. If there exists i∈{1; 2; : : : ; h} such that Si = S, then:
(i) N ( j)1 = A
′
j , N
( j)
2 = A
′′
j , and N
( j)
3 = B
′′′
j for every j = 1; 2; : : : ; h; in addition, Ai =
⋃
j =i Bj and Bi =
⋃
j =i Aj;
(ii) i = h and nh = (3v− 1)=2;
(iii) Ah is a subsystem of order (v− 1)=2 of (S;B3) and (S;B).
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Fig. 5.
Proof. (i) Follows from Proposition 3.4 (see Fig. 5).
(ii) By (i), (∗), and Proposition 2.4,
n(i)3 =
∑
j =i
cj = v− ci = v− (ni − |Si|) = 2v− ni¿ v + 12
from which n(i)3 = (v+1)=2 and n
(i)
1 = n
(i)
2 = v− n(i)3 = (v− 1)=2. It follows that ni = (3v− 1)=2 and so, by Proposition 2.4,
we have n16 n26 · · ·6 nh = (3v− 1)=2 (i.e. i = h).
(iii) Since (S;B3) contains an independent set Bh of cardinality (v+1)=2, S\Bh =Ah is a subsystem of order (v− 1)=2.
Furthermore, for every pair of distinct vertices x; y∈Ah, the vertex z ∈ S such that {x; y; z}∈B must belong to Ah,
otherwise {x′; y′′; z′′′}∈N (h). Therefore, also (S;B) contains Ah as subsystem of order (v− 1)=2.
Remark. Note that (iii) forces v ≡ 3 or 7 (mod 12).
Corollary 3.1. If P is a strict 3-colouring of a BSTS(3v), v¿ 7, then Si = S for every i = 1; 2; 3.
Proof. Suppose Si = S. By Proposition 3.5, there exists a subsystem of (S;B3) of order (v− 1)=2¿ 3, with a 2-colouring
induced by P(H3) (see Fig. 5), a contradiction.
Proposition 3.6. If h¿ 4 and (r); (s) are two di9erent colours such that Sr ∩ Ss = ∅, then Si ∩ Sj = ∅ for every pair of
distinct colours (i) and (j) with {i; j} ∩ {r; s; }= ∅.
Proof. Let x∈ Sr ∩ Ss. Without loss of generality we may assume {x′; x′′} ⊆ N (r) and x′′′ ∈N (s). If y∈ Si ∩ Sj (i = j,
{i; j} ∩ {r; s; } = ∅), it is readily checked that at least one of the six triples obtained from {x; y; z}∈B by triplication is
three-coloured. It is impossible.
Proposition 3.7. P is a strict 3-colouring of a BSTS(3v), v¿ 7, if and only if there exist three distinct colours (r), (s),
and (i) such that Sr , Ss, and Si are mutually not disjoint.
Proof. The necessary condition follows immediately from Corollary 3.1. Let suppose h¿ 4 , j ∈ {r; s; i} and w∈ Sj , if
w∈ Sr , then Sr ∩ Sj = ∅ and Ss ∩ Si = ∅ with {r; j} ∩ {s; i}= ∅ and this is impossible by Proposition 3.6 so w ∈ Sr . We
can prove, in analogous way, that w ∈ Ss, w ∈ Si, and w ∈ Sk for any other colour (k) (see Fig. 6). It follows that the
triple {w′; w′′; w′′′} is monochromatic. A contradiction.
Proposition 3.8. If h¿ 4, then there exists a colour (r) such that Sr = S.
Proof. Let t ∈ S such that {t′; t′′; t′′′} ⊆ N (r) ∪ N (s). Fix x∈ Si, with i ∈ {r; s; }. By previous proposition x∈ Sr or x∈ Ss,
but not in both of them. Put x∈ Sr and observe that Sr ∩ Si = ∅ and Sr ∩ Ss = ∅, now we will prove that Sr = S. Suppose
there exists y∈ S such that y ∈ Sr .
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Fig. 6.
Then {y′; y′′; y′′′} ⊆ N (j1) ∪ N (j2) with (j1) and (j2) distinct colours from (r). Since Sr ∩ Ss = ∅, Sr ∩ Si = ∅, and
Sj1 ∩ Sj2 = ∅, by Proposition 3.6 {j1; j2} = {s; i} and so we have Ss ∩ Si = ∅ (see Fig. 6). By Proposition 3.7 h = 3; a
contradiction. This completes the proof.
Combining Propositions 3.8, 3.5 and Remark gives the following:
Corollary 3.2. Any BSTS(3v), with v ≡ 3; 7 (mod 12), obtained by triplication is either 3-colourable or uncolourable.
In [5] it was proved that any BSTS(21) containing three mutually disjoint subsystems of order 7 is uncolourable and it
was given an example of colourable BSTS(27) containing three mutually disjoint subsystems of order 9. Here we prove
the following:
Theorem 3.1. Any BSTS(27) obtained by triplication is uncolourable.
Proof. Let (X;T) be a BSTS(27) obtained by triplication. Suppose (X;T) admits a strict h-colouring P. By Corollary
3.2, h=3 and the only possible colouring is (6; 9; 12) [5]. Let N (3) be the colour class of cardinality 12. By (∗) 36 c36 6
and by Corollary 3.1, S3 = S, and so c3 = 3.
If c3 = 4, by Proposition 3.3 we can suppose N (3) = {1′; 2′; 3′; 4′; 1′′; 2′′; 3′′; 4′′; 5′′′; 6′′′; 7′′′; 8′′′}. Let H = {1; 2; : : : ; 8}
and TH = {b∈B: b ⊆ H}. TH has cardinality 8. Let {x; y; z}∈ TH , we can have
(1) {x; y; z} ⊆ {1; 2; 3; 4} or {x; y; z} ⊆ {5; 6; 7; 8};
(2) {x; y} ⊆ {1; 2; 3; 4} and z ∈{5; 6; 7; 8};
(3) {x; y} ⊆ {5; 6; 7; 8} and z ∈{1; 2; 3; 4}.
It is readily checked that, since TH contains almost six triples of type (3), at least one triple is of type (1) or (2) and
obviously this is impossible.
Taking account of Proposition 3.3 it is quite easy to deduce that the cases c3 = 5 or c3 = 6 are impossible.
Note that all BSTS(3v)s obtained by triplication and studied up to now are uncolourable; in [5] it was proved that
any BSTS(3v) obtained by the usual direct product of an STS(v) with STS(3) is uncolourable and the open question of
establishing whether or not there exists any colourable BSTS(3v) obtained by triplication was posed. This paper gives an
answer in the case v = 9, but the question is still open.
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